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1 The Inequalities 


We start with an example. Suppose there are four boxes containing $10, $20, $50 and 
$100 bills, respectively. You may take 2 bills from one box, 3 bills from another, 4 bills 
from another, and 5 bills from the remaining box. What is the maximum amount of 
money you can get? 

Clearly, you’d want to take as many bills as possible from the box with largest-value 
bills! So you would take 5 $100 bills, 4 $50 bills, 3 $20 bills, and 2 $10 bills, for a grand 
total of 

5- $100 + 4- $50 + 3- $20 + 2 - $10 = $780. (1) 


Suppose instead that your arch-nemesis (who isn’t very good at math) is picking the 
bills instead, and he asks you how many bills he should take from each box. In this 
case, to minimize the amount of money he gets, you’d want him to take as many bills as 
possible from the box with lowest-value bills. So you tell him to take 5 $10 bills, 4 $20 
bills, 3 $50 bills, and 2 $100 bills, for a grand total of 


5-$10+4- $20 +3 - $50 + 2- $100 = $480. (2) 


The maximum is attained when the number of bills taken and the denominations are 
similarly sorted as in (1) and the minimum is attained when they are oppositely sorted as 
in (2). The Rearrangement Inequality formalizes this observation. 


Theorem 1.1 (Rearrangement): Let 71, %2,...,2%n and y1,Y2,---,;Yn be real numbers 
(not necessarily positive) with 


iS eS OS Bey BN Yi SO Se Sy 


and let o be a permutation of {1,2,...,n}. (That is, o sends each of 1,2,...,n toa 
different value in {1,2,...,n}.) Then the following inequality holds: 


LU Lotyai te Path S aiel Laon ee ten SiG + Baa ee AU 


Proof. We prove the inequality on the right by induction on n. The statement is obvious 
for n = 1. Suppose it true for n — 1. Let m be an integer such that am = n. Since 
Lp ZLm ANd Yn 2 Yon; 


0 < (fn — 2m)(Yn — Yon) (3) 
== ImYn = LnYon < LmYon = LnYn- 
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Hence 


LYoi +++ + Lm Yom +++ + EnYon S L1Yor +°°+ + LmYon +°+° + Lnyn- (4) 
ie 


Yn 
By the induction hypothesis, 
SU sr PoP Late or ee a ey Se ae A 


Thus the RHS of is at most 2yy) +--+ + %n_1Yn—-1 + LnYn, aS needed. 
To prove the LHS, apply the above with —y; instead of y; (noting that negating an 
inequality reverses the sign). 


Remark 1.2: Equality is attained on the RHS if and only if, for every r, the following 
are equal as multisets: 

ss || Bee =F cay | Din a pe 
To see this, note that otherwise, using the procedure above, at some time we will have to 
switch two unequal numbers y;,, yj, with unequal corresponding x’s, x, A Vm, and we get 
inequality (see (3)). Similarly, equality is attained on the LHS if and only if for every r, 


Ue | tm = r} = {Ger | Im = ae 


In particular, if the aj,,...,a, are all distinct and b;,...,b, are all distinct, then 
equality on the right-hand side occurs only when o(m) = m for all m, and equality on 
the left-hand side occurs only when o(m) =n +1-— for all m. 


The rearrangement inequality can be used to prove the following. 


Theorem 1.3 (Chebyshev): Let a, < aj < --: < a, and b; < bp < --+ < by be two 
similarly sorted sequences. Then 


Q10n + A20n_1 + +++ + Andy ce UTA t Han Or tbe t+ + bn e Mbt + + anbn 


n n n n 


Proof. Add up the following inequalities (which hold by the Rearrangement Inequality): 


a,b + dobs + oe + dnbn < a,b, + debe se + anbn 
aby + agbs + +++ + Andy < ayby + agbo + +++ + Anbn 


Ab, + agdy + +++ + Anbn—1 < a1b1 + dado + +++ + Gnbn 


After factoring the left-hand side and dividing by n?, we get the right-hand inequality. 
By replacing b; with —b; and using the above result we get the left-hand inequality. 


2 Problems 
1. Given that a,b,c > 0, prove a? + b? +c? > a*b+ bce 4+ c7a. 


2. Powers: For a,b,c > 0 prove that 
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(a) atb’c? > a?b°c*. 


(b) abc? > (abc) “3** 


3. Suppose aj, @2,...,4, > 0 and let s =a, +---+a,. Prove that 


ay a n 
ee a ; 
S— ay S—-a4, n-—-l1 


In particular, conclude Nesbitt’s Inequality 


a b c 43 


bake ase ah 2 


for a,b,c > 0. 


4. Prove the following for x,y,z > 0: 


N 


(A) oe Sey: 

2 
(b) S+4+5>2+4%42 
(ee oe eee 


5. (IMO 1978/2) Let a1,...,a, be pairwise distinct positive integers. Show that 


a, a2 An 1 1 1 
Baad SE is See 
12 2? n2— 1 2 n 


6. (modified ISL 2006/A4) Prove that for all positive a, b,c, 


ab bc ac 3(ab + bc + ca) 


a+b b+e ate” 2(a+b+c) 


7. Prove that for any positive real numbers a, b,c the following inequality holds: 


246 pes u b 
Pr ay A 
b+e cta a+b 


8. (MOSP 2007) Let k be a positive integer, and let 21,22,...,% be positive real 
numbers. Prove that 


(Sirs) (Se) (Gris) (Ea) 


9. The numbers 1 to 100 are written on a 10 x 10 board (1-10 in the first row, etc.). 
We are allowed to pick any number and two of its neighbors (horizontally, vertically, 
or diagonally—but our choice must be consistent), increase the number with 2 and 
decrease the neighbors by 1, or decrease the number by 2 and increase the neighbors 
by 1. At some later time the numbers in the table are again 1,2,...,100. Prove 
that they are in the original order. 
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3 


4. 


Solutions 


. The sequences a, b,c and a’, b?, c? are similarly sorted. Therefore, by the rearrange- 


ment inequality, 


Gad ep ewes @ aOR eee oa. 


. Since In is an increasing function, we take the In of both sides to find that the 


inequalities are equivalent to 


alna+blnb+clne> blna+clnb+alnce 


alna+blnd+clnc> atone + Inb+ Inc). 


Note the sequences (a,b,c) and (Ina,1Inb,Inc) are similarly sorted, since In is an 
increasing function. Then the first inequality follows from Rearrangement and the 
second from Chebyshev. 


. Since both sides are symmetric, we may assume without loss of generality that 


dy <-+++ Say. Then s —a, >--- > 5s — ay and a 3 = By Chebyshev’s 


inequality with (a,,...,a@,) and (sto. ste), we get 
1 1 1 
a bateeeal On > (a, +-:: on) ( copes ) 
8— a, 8—G, 1 8— a, S— Gn 


This gives 
n-1 a a 
1 n Sf satis 
n 8S — ay, 5 — An 
ay | | Gn, > n 
S— a1 &S—-a, n-—-l1 


(a) Without loss of generality, x > y. Then x? > y? and 
Ci 1) are similarly sorted. Thus 


x 


1 1 1 
So tar ee eae 
x xe y 


(b) Letting a 


| 
a 


“c= =, the inequality is equivalent to 


a br he > ab + be ca, 


This is true by the rearrangement inequality applied to the similarly sorted 
sequences (a, b,c) and (a,b,c). 
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1 1 1 1 ily . ih 
3y3 323 323 7 A 

(c) Leta = =, b= =, and c= “~~. Then the inequality to prove becomes 
23 y3 £3 


a+P+E>0°b+b'c+ca 
which was proved in problem 1. 


5. Let b1,...,bn be the numbers aj,...,@, in increasing order. Since by < --- < by 
and a a s, by the rearrangement inequality, 


ay a2 
2 op = aa ga 


However, since the positive integers b,, are distinct and in increasing order, we must 
have b,, > m. This gives the RHS is at least } ++ 5 +--+: 4. 


6. Since the inequality is symmetric we may assume a <b < c. Then 
atb<at+c<bte. (5) 

We claim that 
ab gee be . 
a+b” a+c” b+e 


Indeed, the two inequalities are equivalent to 


a*b + abe < a?c + abc 
abc + ac? < abc + bc? 


both of which hold. 
Thus by Chebyshev applied to and (6), we get 


( ab ac be 


tte) ((a+b)+(at+e)+(b+c)) <3(ab+be+ca). (7) 


Dividing by 2(a + b + c) gives the desired inequality. 
(Note: The original problem asked to prove 


aja; nr 
z ia; 
are Carre 


i<j i<j 
when @j,...,@. This can be proved by summing over all 3-element subsets 
{a,b,c} of (the multiset) {a1,...,a@,}, then dividing. This is a rare instance of a 


general inequality following directly from the 3-variable case!) 


7. Since the inequality is symmetric, we may assume without loss of generality that 
a<b<c. Then 


| aie oe Oe ra 
1 1 1 
< < . 
b+e7 ate” at+b 
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Hence by the rearrangement inequality, 


Ge on SOF a, OF Ht oe 
T T T T 


b+e cta a+b b+e cta a+b 


Adding aa eres o. to both sides gives 


a + be b? + ac @* ab: 2 bP be c+ac a? + ab 


b+e cta a+b ~ b+e Che G8 
_ bb+e) , ect+a) , ala+d) 
ay or ee ea ee 
=a+b-e. 


8. We apply Chebyshev’s inequality twice: 


(r=) Ee) <| 


Indeed, without loss of generality 7; <---<x,. In the first application of Cheby- 
shev we use that the following are oppositely sorted: 


1 & - 1 
a 
k k 
as err ee 
beara: F = ease 
The second inequality comes from the fact that f(a) = iS is an increasing function 


fork >1,2> 0: ifa <y then c* < y* and «*“! < y*“! together give 


a + ky < y* + xy* 
k k 
a < y : 
1 ee et ome 


(A simple derivative calculation also does the trick.) 


In the second application of Chebyshev we use that the following are similarly 


sorted: 
k k 
x x 
1 eer & n 
1+, 1+, 
Se 


9. Look for an invariant! Let a;; = 10(¢ — 1) + j, the original number in the (?, 7) 
position in the array. Let b;; be the numbers after some transformations. Then 


P = S- Aj b45 


1<i,j<10 


6 
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is invariant. (Indeed, two opposite neighbors of a;; are a;; + d for some d; the sum 
changes by +(2a,; — (ai; — d) — (ai; + d)) = 0 at each step.) 


Initially, P = <i j<i0 az. Suppose that bj; are a permutation of the a;;’s. Then 
Dd = Dy auybry 
1<i,j7<10 1<i,j<10 
By the equality case of the rearrangement inequality, since the a,j are all distinct 
and the b;; are all distinct, the a;; and b;; must be sorted similarly, i.e. aj; = bi; for 
all i, 7. 
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